ABSTRACT. Let 0393 denote the modular group PSL(2, Z). In this paper it is proved that 03C00393(x) = lix + &#x3E; 0. The exponent improves the obtained by W. Z. Luo and P. Sarnak.
Introduction
Let r denote the modular group PSL(2, Z). By definition an element P E r is hyperbolic if as a linear fractional transformation -' 2013 / it has two distinct real fixed points. By a conjugation any hyperbolic element P can be given in a form P = 0'-1 P'O' with a E SL(2, R) and P' = t 0 t &#x3E; 1. Here P' acts as multiplication P'z = t2z.
The factor t2 is called the norm of P, let us denote it by NP, it depends only on the class {P} of elements conjugate to P, NP = N{P} -t2. P and {P} are called primitive if they are not essential powers of other hyperbolic elements and classes respectively. For primitive P the norms can be viewed as "pseudoprimes", they have the same asymptotic distribution as the rational primes, [13] and N. V. Kuznetzov [7] before the eighties, not always for the same group. The result were of the type this result was also known to A. Selberg and P. Sarnak [12] gave a "direct" proof of it. In order to investigate the asymptotic distribution A. Selberg introduced the Selberg zeta-function which mimics the classical zeta-function of Riemann in various aspects. The Selberg zeta-function is defined by for Re(s) &#x3E; 1 where {P} runs over the set of all primitive hyperbolic classes of conjugate elements in r. The most fascinating property of the Selberg zeta-function Z(s) is that the analogue of the Riemann hypothesis is true.
In view of this property one should expect an error term 0(x2+~). Let us explain why this result is not obvious. It is convenient to speak of the allied sum where ~1P = log NP if {P} is a power of a primitive hyperbolic class and AP = 0 otherwise. Then like in the theory of rational primes, we have the following explicit formula:
where Sj = 2 runs over the zeroes of Z(x) on Re(s) = 2 counted with their multiplicities.
s.
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Here, in the sum each term % has the order §j but the number of J &#x3E;
terms is (refer to [2] ) therefore, treat (1.1) trivially yields On taking the optimal value T = we obtain the error term 0(x 4 log x). At this point the situation differs very much from the one concerning rational primes because the Selberg zeta-function Z(x) has much more zeroes than does the Riemann (( s ).
From the above arguments one sees that in order to reduce the exponent 3 one cannot simply handle the sum over the zeroes in (1.1) by summing up the terms with absolute values but a significant concellation of terms must be taken into account. Only after N. V. Kuznetzov [8] published his summation formula does this suggestion become realizable. In 1983 H. Iwaniec [5] realized such a treatment and proved that by means of Kuznetzov trace formula incorporated with estimates for sums of real character of a special type. More precisely, the basic ingredients in Iwaniec's arguments is the following mean value estimate for the Rankin zeta-function:
.
where Rj(s) is the Rankin zeta-function and Re(s) = 1; and the estimate for the following sum where (-*) denotes the Jacobi's symbol. Proof. This is Kuznetzov Trace Formula. See Theorem 9.5 in [6] . 0
A mean value theorem for Fourier coefficients
Let where h(~) is a smooth function supported in (N, 2N~ such that By Rankin [11] we know that C(2s)Rj(s) has meromorphic continuation onto the whole complex with only a simple pole at s = 1 with residue 2 cosh 1rtj. And by [11] we know that Rj (s) is of polynomial growth in lsl. Lemma ' I Proof. Write c = kt where k is a squarefree odd number and 41 is a squarefull number coprime with ~. By the multiplicativity of p(c, a) in c we get d2ad + 1 -0(modc) in d(modk) is equivalent to a2 -4(modk) in x(modk) and the number of incongruent solutions of the latter is Let Q stands for the set of squarefull numbers. Then By (44) in [5] Integration over x from C ) of R yields Combining all the above arguments (6.1)-(6.7) we get
